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The boundary layer on the upper surface of a horizontal plane in a diffusive,
stratified flow is examined. The analysis shows that density diffusion increases
the role of the buoyancy forces and causes a significant change in the properties
of the boundary layer when compared to the non-diffusive case. A uniformly valid
first approximation for moderate Russell numbers is derived, and the effects of
buoyancy and diffusion are evaluated by solving the resulting equations
numerically.

1. Introduction

In part 1 of this series (Kelly & Redekopp 1970, hereafter referred to as I), we
examined the boundary-layer structure for steady, stratified fluid motions on the
assumption that the Prandtl (or Schmidt) number was very large, whereby the
effects of density diffusion could be neglected. The results showed that three
different régimes of flow are possible, depending on the relative magnitudes of the
Reymnolds and Russell numbers, and demonstrated that the coupling between the
boundary layer and the external flow plays a crucial role in determining the
overall features of the flow.

Martin & Long (1968) considered the effect of diffusion for the flow over a
flat plate when the velocity boundary layer grows in the upstream direction.
They show that the diffusion boundary layer grows from the leading edge
irrespective of the Russell number. Obviously then, the diffusion and velocity
layers intersect somewhere over the plate surface, and diffusion can strongly
affect the trailing-edge singularity and the existence of a downstream wake,
The analysis of Martin & Long (1968), however, was limited to large Schmidt
(Prandtl) numbers and to the flow region near the leading edge of the plate where
the velocity boundary layer is thick relative to the diffusion boundary layer.

In the present paper, the restriction to large Prandtl numbers imposed in 1 is
relaxed in order to establish the effect of density diffusion on the flow structure in
general and the boundary-layer properties in particular. It is known that the
relative thickness of the viscous and diffusion boundary layers is determined
solely by the magnitude of the Prandtl number. Hence, when the Prandtl number
is of order unity or smaller, the coupling between the velocity and thermal fields
can be expected to be important, especially within the boundary layer. Also,
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heat diffusion can contribute significantly to the magnitude of buoyancy forces
in the boundary layer and furthermore, as the Prandtl number decreases, the
vertical scale over which these buoyancy forces act is increased. The combination
of these effects is investigated for the flow over a horizontal plane. The general
flow structure above a finite plate with diffusion is discussed in § 3 and a similarity
solution of the boundary-layer equations with buoyancy and heat diffusion is
derived in §4. Numerical results are presented in §5.

2. Formulation

We consider the development of the velocity and thermal boundary layers on
the upper surface of an isothermal, horizontal plate of length I immersed in a
fluid that is in uniform motion with velocity U,. The fluid is assumed to be stably
stratified, and the stratification is assumed to derive from a linear space-distribu-
tion of temperature given by

71:(13) = To(1 4 By3). (1)

A schematic of the flow configuration is given in figure 1. The fluid motion is
assumed to obey the Boussinesq equations, which for the steady flow of a viscous,
heat-conducting fluid are

V.q =0, (2)
1 P
Vg =——Vp—-Lgk+v,V2
(a.V)q P4 mg+% q, (3)
(q.V)T =k, V2T (4)
and p = poll —oo(T —T0)]. (5)

The quantities q, p, p, and 7' are, respectively, the velocity, pressure, density, and
temperature of the fluid at the point (2, ;); v, and x, denote the kinematic vis-
cosity and thermal diffusivity (which are constants in the limit of the Boussinesq
approximation; a, represents the coefficient of thermal expansion; and kisa
unit vector in the vertical direction. Symbols with the subscript ‘0’ correspond to
undisturbed values at the altitude of the plate (x; = 0). Use of the linear density-
temperature relation (5) and a linear stratification in an unbounded flow is
consistent with the Boussinesq approximation providing (a,7',f8,)" is large
compared to a characteristic vertical dimension of the phenomena being de-
scribed (e.g. the boundary-layer thickness).
Introducing the dimensionless state variables

Toren—To Tofozs; T—T, B
% _ T,z _ZoPo%3 _ o P
=" 7 ~T,-1," =T, 8" (6)
p*=E£ = 1-apor) (7)
Po
P=p, 1 2
and * = >+ = [z — 077, 8
VY pan FL[ 3 ﬂ ] (8)
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and following a procedure similar to that used in I, the system of equations (2) to
(4) can be reduced to the set of coupled equations

[L(x, ) — RLL VZ] Ve +%f 7, =0, (9)
and [L(x, ) — I—JOlR_L V2] (2B10+T) = 0. (10)

The stream function ¥, Froude number F;, Prandtl number F, Reynolds
number R, and operator L(x,z,1) are defined in I, § represents the thermal
driving potential across the boundary layer

T, —T
g ="w" "o 11
o (11)
T,=To(1+ fox3) . Vs
L w=1r
g ¢
e | )
k
LA Wb
i [
— - BT BV _xl
““““““ AN\ SRS N RNR N RN NN R RN =T
T, J
£ l

FI1cUuRrE 1. A schematic of the flow model.

£ is a dimensionless stratification scale (f,L), and a denotes a dimensionless
thermal expansion coefficient («,7,). The asterisk has been deleted from the
temperature since all the variables are clearly dimensionless. In what follows, «
will be taken to be unity, which is the case for a perfect gas, and the ratio £/0 is
taken to be of order unity. The results can be applied to any fluid with arbitrary
a by multiplying 6 and £ by « as can be seen from (9) and (10). Both () and («8)
must be smaller than unity for the Boussinesq approximation to be valid. The
limiting case of 6 approaching zero requires that a new dimensionless temperature
(6T*) be defined, but then the boundary conditions will depend on 6.

In I we were able to combine the three parameters 0, f#, and F; into one
parameter, the Russell number. That is possible only in the limit of infinite
Prandt]l number whereby the temperature is constant along a streamline. When
the Prandtl number is finite, heat diffuses across streamlines and the simplified
representation for T'is destroyed. In the diffusive case, then, four basic parameters
are required to describe the flow, and the characterization of the flow in a two-
dimensional space (B;, Ru;) as in I is no longer possible.

The boundary conditions for the flow depicted in figure 1 are

Y, 0) = 0, (12a)

Y (x,z>0) = Y (r—>—x0,2) =1, (12b)

Tx,z—> o) =T@—>—00,2) =0, (12¢)

Y lr,00=0 for 0zl (124d)

and Tx,00=1 for 02l (12e)
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These conditions complete the specification of the problem under considera-
tion.

Now we seek to obtain an approximate solution to equations (9) and (10)
subject to (12) for the case when the Reynolds number is large compared to
unity. The objective is to establish the effect stratification has on the velocity
and temperature fleld near a horizontal boundary and also on the friction and
heat transfer at the boundary.

3. The flow structure for arbitrary Russell number

The approximate solution of (9) and (10) for infinite Reynolds number satis-
fying the far-field conditions (12a, b, ¢) is

=2z and T =0 (13)

This solution fails near the plate surface due to the neglect of diffusion effects.
In the immediate vicinity of the plate the diffusion of vorticity and heat are
essential to a description of the flow. We emphasize this explicitly by expanding
the vertical scale in the manner

y = z|e(Ry), (14)
where ¢(Ry) scales the thickness of the viscous boundary layer and tends to zero
in the limit as B, tends to infinity. Another scale e, (P,, By) characteristic of the
thermal-diffusion boundary-layer thickness can be defined, but, at least for the
Blasius boundary layer, it is directly related to ¢(R;) by the expression

eiT =Pt = g—; . (15)
This relation portrays clearly the role of the Prandtl number. In subsequent
sections we take the Prandtl number to be of order unity whereby the dis-
tinction between the two scales is irrelevant.

Substituting (14) into (9) and (10) yields the boundary-layer vorticity and
energy equations in the forms

. - o PN , 0t o .
(=9, )—E € 3‘x2+@§ € 372+<9_y2 W +e(0/f)Bui T, =0, (16)

€2 & 2\ 4
and [L(x, y,‘P’)—PORL (623—962+52ﬁ)] T—e(pl)Y, = 0. (17)
The new dependent variables are defined by
P(x,2) = e(B)V(@,y) = e[VYO(@, y) + (RL) VO, y) +...] (18a)
and T(x,2) = T(x,y) = TV, y) + ARL) TO(x, y) + ..., (18d)

and the Russell number §/F; has been introduced for comparison with the results

of I. The transformations (18) arise from the matching requirements between the

boundary layer and external stream (13). Using the parameter representation
RuZ = R} (19)

as in I, we see that the inertia-viscous (Blasius) boundary-layer balance with the
familiar scale ¢ = Rz? holds forn < 1, in contrast with #» = 1 in the non-diffusive
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case. Diffusion increases the role of buoyancy forces within the boundary layer
and thereby can significantly alter the structure of the flow field. Recalling that
B0 is of order one, the direct effect of stratification (the last term in (17)) is at
most a second-order quantity, and the scale of the diffusion boundary layer
(ep = (PyRy)"%) is unaffected by the stratification.

The region of applicability of the non-diffusive approximation is now clear. It
requires that the Prandtl number be larger than ¢! = R for the first-order
boundary-layer analysis when n < {. Forn > %, the buoyancy and viscous terms
in (16) must balance leading to the scale

€=0Cy = (RLRuzL)_;‘} = RZ}}(l Hz,)’ (20)
and the first-order vorticity equation becomes
1 7i(1
ngly)yy_gg = 0. (21)

The energy equation (17) for the corrresponding scale is

] 02 02 ~
|BLen - Rl (s ) | T P w. = 0. 22

which shows that, for Prandtl numbers satisfying the condition
Py= B0 (n> ), (23)

the first-order equation is a balance between convection and diffusion. However,
for Prandtl numbers smaller than that given in (23), the flow is diffusive on this
scale. For Prandtl numbers greater than the condition (23), the first-order energy
equation is non-diffusive on the scale of (20), but a diffusion layer does exist
with a scale smaller than (20). Similarly, one can show that when the Prandtl
number is larger than R%-fa"*l), n > 1, the boundary-layer flow correct to first-
orderis described by the non-diffusive solution of Martin & Long (1968) and, when
the Prandtl number is smaller than Rz, the entire flow is diffusive (¢, = O(1)).
A unified view of these results is given in figure 2 where # is defined by (19) and
m is defined by the relation P, = Rp. (24)
The first-order flow characteristics are indicated in the respective domains on the
figure.

In the outer flow where diffusion effects are negligible (at least to second order),

(9) and (10) yield Lz, 2, ¢)V3 + Rulyr, = 0, (25a)
and - T = (810) (- 7). (25b)

These equations are identical to the outer flow equations in I and, therefore,
exhibit the same characteristics depending on the magnitude of the Russell
number. However, since the first-order boundary layer is the Blasius one for
alln < %, another scaling of the equations (9) and (10) is required for the parameter
range 0 < n < 1 as compared to the range 0 < » < 1 for the non-diffusive case.
The correct intermediate-layer scaling for the diffusive case is the same asin I,

namely, @.9) = (=, y)R%n (0 <n <) (26)
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The matching conditions require that the expansions for the dependent variables
in the intermediate layer have the form

A A
Y(z,2) = RLWW(@,9) = Rp§+ RLIIDYO@E, §) + ... (27a)
and T(x,z) = RpATWDPOG H)+... (0<n < }). 27b
) L 2
% —
Non-diffusive
T buoyancy-viscous
Non-diffusive inertia-viscous balance balgnce 4 >
1+ e=¢,=R? €y, = R7HOHD
3
I
¢
(3
€in> €1
Lot
m 0 t o
€p<Er
Diffusive buoyancy-viscous balance
o — R+l
Diffusive inertia-viscous balance c=en=Ri
-1+ e=¢,=Rp*
-1
er~0(1)
.3 ! L | i | ]
-1 ~% 0 3 I 3 2
n

FiGURE 2. A unified representation of the first-order flow characteristics in Prandtl
number—Russell number space.

The function $'® is determined from the solution of the Helmholtz equation as
in I (§6) and _ .
T™&,9) = (B19) YD (2, 9). (28)

With these transformations, a uniformly valid first approximation to (9) and
(10) is possible for all Russell numbers greater than or equal to zero. The con-
dition n = } is the critical stratification for the diffusive boundary layer and
corresponds to a smaller stratification than the case n = 1 which is the critical
condition for the non-diffusive boundary layer.
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4. A similarity solution for the case n = 0

We now consider the particular case when the Russell number is of order unity
(n = 0). Since the Reynolds number is presumed to be large, the parameter
¢ = Rz} is small, and it is reasonable to seek solutions of equations (16) and (17)
by means of a perturbation analysis. The boundary-layer variables are expanded
in a sequence of the form given by (18a, ). Similarly, the outer flow variables are
expressed as

Y(x,2) = 2+ y(B) Y@, 2) + ..., (294)
and T(x,z) = 0+y(B )Tz, 2)+..., (29b)

where the first terms on the right-hand side are known from (13). The functions
Y(Rg), a(R;), A(R,) are part of an asymptotic sequence and are determined by
matching the two expansions (18) and (29). In this study we carry the expansion
procedure only to the order indicated in (18) and (29).

Substituting (18) into (16) and (17) yields the first-order boundary-layer
equations

02
|2y v - | v = o (300)
and Liz,y ly'ﬂ))—i P pw — o, (30b)
7 Pooy?
Introducing the variables

7= ylet, YO, y) = 2¥fy() and  TO(z,y) = hy(7), (31)

the above equations reduce to the familiar similarity forms
fi+3fifi=0 (320)
and hy+3P,fih = 0. (32b)

The appropriate boundary conditions are
J1(0) = f1(0) = Ay(0) =0 and  fi(c0) = Ay(0) = 1. (32¢)

Note that the first-order problem depends only on one parameter, the Prandtl
number. The solutions for f, and &, are known (cf. Schlichting 1968, pp. 126, 280).
Using the properties of these solutions, we find the matching conditions

y(Ry)=€= Rt and ¢¥®(z,0)= —1.730zt (x > 0). (33)

Consequently, ¥V is given by the solution of the Helmholtz equation (see I, §6)
and T® obeys an equation analogous to (28).

Since the displacement thickness in the downstream wake is unknown, we
assume that the outer flow can be calculated as if the plate were semi-infinite.
The solution for y® (I, §6) shows that, for a semi-infinite plate, the induced
horizontal velocity vanishes as z tends to zero. Within this approximation, there
isno coupling between ¢® and 1" and the gauge function a(R;) is undetermined.
However, examining the relation for the temperature, we see that

TO(x, 0) = (B0) M=, 0) = — 1-730(5(0)t (34)
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so that there is a coupling between the outer flow and the second-order boundary
layer via the temperature field. The coupling is a direct consequence of the diffu-
sion of heat. This requires that A(R;) = € and, by substituting the respective
expansions into the boundary-layer equations, one finds that «(R;) = € as well.

By virtue of the above results, the second-order boundary-layer equations have
the form

o ﬂ .

[L(x, y,‘lﬂn)_ﬁ] WO 4 Lz, y, WO W 1 (0/8) R, TH =0 (35a)

and [ (2, J,wm)—?}%] T4 Lix,y, VO TO_ () WD =0, (35b)
0

with boundary conditions
YOz, 0) = ¥O(z, 0) = ¥z, 0) = ¥E(w, w0) = Tz, 0) = O}

o~ (35¢)
and T®(x,0) = —(#/0)1-730x%,

where the Russell number has been included to indicate explicitly its role, but its
order of magnitude is assumed to be unity. Similarity forms are possible for these
equations also if we write

Y@ = af,(g) and T® = xihy(y). (36)
The equations for f, and 4, are given by
A5+ fufamFifit 21 fa = — OB R [ﬂh [ han]. e
2hy + Po{ frhy —f1he + 2f3n} = Po(B10) (af 1= 1), (37b)
subject to the conditions
fo(0) = f2(0) = f5(00) = hy(0) = 0 and  hy(c0) = —(B/0)(1-730).  (37¢)

The first equation has been 1ntegrated once to reduce it to a third-order equation.
The right-hand sides are known from the first-order solution (32) and comprise
the primary forcing functions for the second-order boundary layer. A one-way
coupling exists between (32) and (37) which proceeds from the first-order momen-
tum equation (32a) to the second-order energy equation (375). Furthermore, all
equations except (32a) are linear. The combination of these facts simplifies
considerably the numerical solution of the above equations.

Before discussing the numerical solutions to the above equations, it is worth
pointing out that the boundary-layer expansion for the parameter range
0 < n < § has the form

U ,2) = RpE[WO(x, ) + R 3YO(2, ) +...], (38a)
and T(x,2) = TO(x,y)+ RE 1T, y) + ... (38b)

The equations for ¥'® and 7'® are identical to (35a,b) except that the term
multiplied by the parameter £/6 in the energy equation (355 and 375) does not
appear. Thus, the solution of (37a) yields the second-order velocity field for the
entire range 0 < n < $. Furthermore, comparison of the expansions (27) and
(38) shows that the second-order boundary-layer stream function ¥® containing
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the effect of buoyancy in the boundary layer is more significant than the corred-
tion due to the displacement effect on the outer flow for » > 2. For the non-
diffusive case, this occurred for n > ¢.

The above analysis can be shown to reduce to the non-diffusive case discussed
in (I) by considering the limit of (32) and (37) as the Prandtl number becomes
large. When the Prandtl number is large, the first-order temperature field %,
decays exponentially to zero in a thermal boundary which is of order Py? times
the scale of the velocity boundary layer. The forcing term on the right-hand side
of (37a) then vanishes, and f, vanishes as well since it satisfies a homogeneous
equation with homogeneous boundary conditions. Thus, noting that % and 43 are
zero outside a very thin thermal layer near the wall, the solution of (37b) is

ho(n) = (816) (fo(n) — 7). (39)
The expansion for the stream function must then take the form
Yiw,z) = Rpt[adfy(n) + B (0) + Br-tadfy(n) +...], (40)

and f, is identical with the function noted as f, in I(§7, equations (61) and (62)).
Consequently, the difficulty encountered there (see I, equation (63)) appears in
the diffusive solutions also, for an extension of the preceding analysis (P; ~ O(1))
to the next higher-order term in the boundary-layer expansion would result in a
vorticity equation containing a non-zero forcing term at the edge of the boundary
layer. This difficulty may be peculiar to the geometry of the problem, since, as
shown in I, the boundary-layer solution is valid only for a plate of finite length.

5. Numerical results

Equations (32) and (37) were integrated numerically using Hamming’s modi-
fied predictor-corrector method for the solution of general initial value problems
(cf. Ralston & Wilf 1960, pp. 95-109). The integration was accomplished by
transforming (32a) to an equivalent initial-value problem (cf. Rosenhead 1963,
P. 223), solving for f,, and then solving (32b), (37a), and (37b) successively in that
order. A maximum error bound of 10~ wasimposed in the numerical approxima-
tion. If the absolute error exceeded the specified bound, the integration step-size
was halved. Numerical solutions were obtained for a range of each of the three
parameters Ru;, Py, and /6 in order to determine their individual influence on the
properties of the boundary layer.

A measure of the effect of stratification on the boundary layer is obtained by
evaluating its influence on the shear and heat transfer at the plate surface.
Using the previous results, the following expressions for the skin-friction and
heat-transfer coefficients can be derived:

-t O g 0] , “
Of_poU(z,_ R;%I 1'i'xRL ;(O) (O<n< 2)’ ( )

9 k1(0) [ 1 p-1 %(0)]
d C, = = ~ 1 1+a2 Rjz35 n = 0), 42
w 2 o, Uo(Ty—T,) P\R? " hy(0) ( ) (42)
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where R, is the Reynolds number based on the dimensional length x; measured
from the leading edge of the plate, and ¢,(0) is defined by the relation

72(0) = hy(0) + /0. (43)
The symbols 7, and ¢, denote the shear and heat flux, respectively, at the plate
surface. Stratification and buoyancy have an effect only in the second-order
terms. The second-order temperature field was evaluated only for the case n = 0,
but the velocity field is computed for the range 0 < » < }.
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Ficure 3. The variation of the second-order shear and heat transfer with the Russell
number, —, P, = 1-0; - - -, Py = 0-1.

Ficure 4. The variation of the second-order shear and heat transfer with the Prandtl
number (Buy, = 1-0). —, /0 = —1; ——, §/0 = L.

The results show that the Russell number has a very significant effect on the
structure of the boundary layer. Figure 3 exhibits the influence of Ru, on the
skin-friction and heat transfer for both a heated and cooled wall. The second-
order contribution to the shear changes profoundly when the Russell number is of
order unity or larger. When the boundary is heated relative to the external stream,
the skin-friction increases as the Russell number increases and vice versa for a
cooled boundary. Stratification then acts to prevent separation on heated
boundaries and promotes separation, at least for large Russell numbers, on cooled
boundaries.

Figure 4 portrays the influence of the Prandtl number on the boundary-layer
properties for a fixed Russell number and wall to free-stream temperature ratio.
The Prandtl numer has a very strong effect on the shear at the boundary. This is
attributable to the fact that the thermal boundary-layer thickness and the first-
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order temperature field depend strongly on the Prandtl number and, therefore,
affect the second-order velocity field through the right-hand side of (37a).
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F1G6URE 5. The effect of the Russell and Prandtl numbers on the boundary-layer profiles:
(@) horizontal velocity, (b) vertical velocity, and (c) temperature. £/ = 1. —, P, = 1:0;
..., P, = 01.

Representative second-order horizontal and vertical velocity profiles and
temperature profiles are shown in figure 5. The total velocity and temperature
in the boundary layer can be computed from the relations

u=fi1arpif] 0 <n<y, (44)
1p} ’ 1 pn—i f -%ﬂfé 1
w = —§RS (fi—nf1)| 1+ 2% R} Fafl (0<n<3), (45)
1
and T =h, [1 +xt Ryt %ﬂ (n = 0). (46)

The figure elearly shows that buoyancy (Bu;) and diffusion (P,) have a strong
influence on the velocity profile, especially for large Russell numbers and small
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Prandtl numbers. Since the second-order contribution grows with distance from
the leading edge, these effects may be quite pronounced near the trailing edge of
the plate. Also, when the Russell number is large (» close to 1), the mean velocity
profile is significantly different from the Blasius profile. Stratification, therefore,
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F1aURe 6. The second-order shear and heat transfer as a function of the wall-to-free-stream
temperature ratio: (Rur, = 1-0, § = 1-0). —, P, = 1-0; - - -, Py = 0-1.

F1cure 7. The effect of the wall-to-free-stream temperature ratio on the boundary-layer
profiles. (a) Horizontal velocity: Rur = 1-0; —, Py = 1-0;---, P; = 0-1. (b) Vertical velocity :
Ru}, = 2-0, P, = 1-0. (¢) Temperature: Rur = 1-0, P, = 1-0.
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can have an important effect on the stability of a boundary layer through its
modification of the mean profile as well as through the effect of buoyancy on the
velocity perturbations superimposed on the mean flow.

The wall to free-stream temperature ratio also plays a role in determining the
characteristics of the stratified boundary layer. Its importance is depicted in
figures 6 and 7 which contain results for a fixed stratification (f,L = 1) and fixed
Russell number. The function ¢,(0) is singular at 7,/7}, = 1 because the parameter
B8 in (37b,¢) goes to infinity as 7, approaches 7. This is a consequence of the
temperature scaling expressed in (6). The shear is seen to increase rapidly as the
wall is heated.

6. Summary

In summary, the combined effect of thermal stratification and buoyancy on a
horizontal boundary layer is greatest when the wall is heated and the Prandtl
number is small. The Prandtl number is particularly important since it deter-
mines the vertical scale (the thickness of the thermal boundary layer) over which
buoyancy forces can act. Also, stratification can either enhance or impede
separation depending on the relative temperature of the boundary and free-
stream and the magnitude of the Froude number.

Diffusion has a very significant effect in that it serves to emphasize the im-
portance of the buoyancy term by coupling the velocity and thermal fields. This
is of primary importance when the Froude number is small (or large Russell
number) which indicates that diffusion may considerably alter the structure of
the upstream boundary layer studied by Martin & Long (1968) and Pao (1968),
especially in the vicinity of the trailing edge of a plate of finite length. Further-
more, since the diffusion boundary layer always grows from the leading edge, a
downstream momentum wake arising from the resultant density variation should
exist even in the case when the viscous boundary layer grows in the upstream
direction.
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